LECTURE 6 - CYCLIC HOMOLOGY

Cyclic sets.

Definition 1. A cyclic object A in a category & is a simplicial object together
with an automorphism ¢,, of order n + 1 on each A,, such that

dit = tdifl, Sit = tsifl, ) # 0

dot,, = dvu Sotp = t721+15n-
We denote the category of cyclic objects by s&7¢. There a forgetful functor j :
s8¢ — sof from cyclic sets to simplicial sets.
Example 2. The simplicial set BG for a group G can be considered as a cyclic set
by defining
tarl---lgal = g1~ 90) ol - - |gn—]-
For E,G = Be(G,G,e) = G*T1, we define
t(golgrl -+ - lgn]) = gnlgol - - - [gn-1].
It is not hard to see that there is a natural inclusion BG C EG as cyclic sets.

(Check this!)

There is an equivalent definition of cyclic sets (See [1]), which is sometimes more
convenient to work with.

Definition 3. A cyclic object A is a sequence of objects A,, and morphisms
diiAng)An_l, OS’LSTL
SitAn = Apy1, 0<i<n+1

such that
diodj :dj,1 Odi, if 4 <j

sj_104d; ifi<jandj—i<n
d;os; = ¢ id, ifi=jori=j5+1
Sdeifl, 1fZ>_]+1
§; 085 = 8541 © 84, leSJ
(d08n+1)n+1 :ZdAn —)An

Remark 4. The two equivalent definitions are linked by ¢, = dosp+1 and s,41 =
tnsntil.

We can formally define the category A°P by objects [0],[1],[2], ... and generating
morphisms
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subject to the relations in Definition 3. In the opposite category A, d; is written
as 0; and s; is written as o;. The reader can find an alternate description of the
category A in [2, Definition 9.6.3]. A cyclic object can be identified with a functor

A:ANP — o
Definition 5. A standard cyclic set A[n] is defined by
Aln]q = A([gl; [n])-
By Yoneda lemma we have
sFet(An], A) = A,,.
Homework 6. Give an explicit description of the underlying simplicial set jA[0]

of the standard cyclic set A[0]. Prove that the geometric realization [jA[0]] is
homeomorphic to the circle S?.

In fact, we have |jA[n]] = S! x |A[n]| in general. (See [1, Proposition 2.7])
The geometric realization of the underlying simplicial set of a cyclic set A can be
expressed as

(1) jAl = [T An x jAf]] / ~
(dia,z) ~ (a,0;z), 0<i<mn

(sia,x) ~ (a,07z), 0<i<n+1

Here we are using definition 3 for the cyclic sets. The immediate consequence of
(1) is that |jA| is a space with an S! 22 SO(2) action. Let % ¢ be the category of
Sl-spaces. When both s.7¢et® and % © are equipped with suitable model structures
(cofibrations, fibrations and weak equivalences), we have the following.

Theorem 7 ([1, Theorem 4.2]). s.%et® and %° are Quillen equivalent.

This implies that their homotopy categories are equivalent.
Cyclic Homology.

Assume that A is a cyclic object in an abelian category, the following double
complex is called Tsygan’s double complex and denoted by CC\.(A).

b b v b
Ay 14t Ay N Ay 14t Ay N
b b’ b v
Ay <=1 Ay <N 4, 84, N
b b b 1’4
A1 1+t Al N Al 1+t Al N
b b’ b v
1—t N 1—¢t N
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Here b = Y27 ((—1)%d; and & = Y27 '(—1)'d;. We leave the reader to verify
that this is indeed a double complex and the odd columns with b’ as differentials
are acyclic complexes.

Definition 8. The cyclic homology HC,(A) for a cyclic object A in an abelian
category is the homology of Tot CC\.(A). The cyclic homology of a k-algebra R is
the cyclic homology of the cyclic sets R ® R®*.

Let CC® be the first two columns of CC,.(A), which is a double complex with
other columns set to be trivial. The quotient CC[—2] = CC/CC is a translation
of C'C and consider the short exact sequence of double complexes.

0— cc" L coa) =5 ccl-2] — o.
The resulting long exact sequence is called “SBI” sequence.
Theorem 9 (SBI sequence). For any cyclic object A there is a long exact SBI

sequence

S HCpp1(A) 2 HC,- 1 (A) 2 HH, (A) 5 HC,(A) 2 HC,o(A) -+

Exercise 10. Compute HC, (k[z]).

If we extend Tsygan’s first quadrant double complex to the left and obtain
an upper half-plane double complex CCF, (A), we can define the periodic cyclic
homology.

HP,(A) = H, Totll(CCL.(A)).
We can also consider the negative subcomplex CC, (A) with columns p < 0 and
define
HCS (A) = H, Totll(COZ (4)).
If we filter Tsygan’s double complex by columns we obtain a spectral sequence
E%p,q = HHy(A) = HCyzy44(A)
The dy differential HH,(A) — HHg41(A) is called Connes’ operator B.

Proposition 11. The following square commutes

Q) — > HH,(R)

| l
n (
by — HH, 11 (R)

Theorem 12. If R is a smooth commutative algebra and essentially of finite type
over a field k of characteristic 0, then
HC, (R) = O /dU,, ® Hip(R) & Hyp*(R) & -
HP, (R) = [[ HiZ* (R)
i€
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